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We study electrically charged compact stars in the framework of extended theory of gravity
(ETG). We assume that the charge density is proportional to the energy density. The
polytropic equation of state is chosen to describe the state of the charged perfect fluid. We
aim to find the Oppenheimer Volkoff (OV) mass limit for charged compact stars. A detailed
numerical study is performed. We show the dependence of the mass-radius diagram of the
spheres on the values of the perturbatif parameter β, the polytropic exponent γ and the
charge fraction α. Our results are compared with those found in the literature in the case
of applying General Relativity (GR).
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I. INTRODUCTION
Just after the discovery of the accelerating
expansion of the universe in 1998, extended the-
ory of gravity (ETG) has shown an intensive in-
terest in the literature [1–4]. It is an approach
that seeks to cure the shortcomings of GR but
in the same time owes to preserve their positive
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results, instead of introducing unknown fluid’s
components in the universe that seem artificial
(dark matter, dark energy. . . etc). Another mo-
tivation of ETG is to solve the problems com-
ing out at ultra-violet and infra-red scales. The
idea of ETG consists in extending the Einstein’s
theory of GR by considering a nonlinear func-
tion of the Ricci scalar curvature in the ac-
tion. For historical review, see [5]. In fact the
idea of ETG started earlier just after the ad-
2vent of GR’s theory of gravity [6, 7], because
of its non-renormalisability that makes it irrele-
vant as a quantum theory. So in 1962 Utiyama
and DeWitt [8] showed that renormalization at
one-loop requires that the Einstein-Hilbert ac-
tion be supplemented by higher order curvature
terms [9]. The form of the function f(R) is not
specified, but is constrained to keep the posi-
tive GR results at Solar System scales. Further-
more, to preserve the other correct results of GR,
criteria for viability of ETG must be applied
namely: correct cosmological dynamics, stabil-
ity, absence of ghosts, correct Newtonian and
post-Newtonian limit, well-settled Cauchy prob-
lem and cosmological perturbations compatibil-
ity with the cosmic microwave background radi-
ation and large-scale structures [1].
In general, Alternative Theories of Gravity
are tested by studying the formation and the
evolution of stars considered as suitable test-
beds. In that context, we aim to study the prop-
erties of electrically charged compact stars in the
framework of f(R) gravity. In fact, compact
stars are well studied objects in the literature:
Chandrasekhar [10] showed that white dwarfs
are compact stars in which quantum degeneracy
of the electrons is responsible for their stability.
These stars are cold and as their configuration
gets more compact, the electrons get more and
more relativistic and the radius will tend almost
to zero (few kilometers for some neutron stars).
It is worth mentionning, here, that there exists a
limit to the radius of the sphere which is related
to the mass of the star called the Chandrasekhar
limit, generally taken as 1.44M⊙. Landau in
Ref. [11], through heuristic arguments, found
that the mass limit for a white dwarf is ∼ 1M⊙.
He also deduced that the radius of the star could
be ∼ 5000 km . Tolman [12] and Oppenheimer
and Volkoff [13] showed that neutron stars, much
more compact than white dwarfs, have also equi-
librium configurations and that these neutron
stars have a mass limit, called the Oppenheimer-
Volkoff limit. However, this limit depend on
the equation of state used. As stated in Ref.
[14], this limit lie in the range 1.4M⊙ to 6M⊙.
Note that the Chandrasekhar limit which ap-
pears within Newtonian gravitation, turns into
the Oppenheimer-Volkoff limit in the degener-
ate matter, when relativistic kinematic effects
become significant.
The stability of charged fluid spheres was
first studied by Bekenstein [15], then followed
by many authors [16–24].
This paper is outlined as follows: The ba-
sic equations in GR needed for the purpose of
our work, namely the Einstein-Maxwell equa-
tions for a charged sphere, in static spherical
symmetry case are given in section II. We then
briefly recall some properties of the f(R) gravity
in section III. Then in section IV, to get a closed
system of equations, we define a polytropic equa-
tion of state and a charge density profile. Then
we explicitely write down the set of equations of
the charged compact stars. Section V is devoted
to the numerical study of compact charged stars.
3With the chosen form for the f(R) function, we
study the dependence of radius to mass ratio on
the perturbatif parameter β for some fixed val-
ues of polytropic exponent γ and small charge
fraction α. Then we deduce The OV limit. In
section VI we discuss our results. Finaly we con-
clude in section VII. This paper is endowed with
an appendix dedicated to dimensionless form of
the set of equations needed for calculation pro-
gram, for the purpose of simplification.
II. BASIC EQUATIONS IN GENERAL
RELATIVITY
We suppose that the metric is spherically
symmetric. The line element is then assumed
to be of the form:
ds2 = −B (r) dt2+A (r) dr2+r2dθ2+r2 sin2θdϕ2,
where (t, r, θ, ϕ) are the like-Schwarzchild coor-
dinates. A(r) and B(r) depend only on r to en-
sure that we deal only with static configurations.
For the seek of simplicity, we put
a(r) = A−1(r) = 1− 2m(r)
r
+
q(r)2
r2
, (1)
in the metric, where we have introduced the
mass m(r) and the charge q(r) inside a star’s
shell of radius r. The Einstein-Maxwell equa-
tions in the presence of electrically charged mat-
ter are:
Gµν = −8πG
c4
Tµν , (2)
∇νF νµ = 4πjµ, (3)
where the Greek indices µ and ν run from 0 to
3. The Einstein tensor is defined as
Gµν = Rµν − 1
2
Rgµν , (4)
where gµν is the metric tensor, Rµν is the Ricci
tensor and R is the Ricci scalar. We assume that
the interior of the star is filled with a perfect fluid
and radiation so that, the energy-momentum
tensor Tµν is given by:
Tµν = Eµν +Mµν . (5)
Mµν stands for the energy-momentum tensor of
a perfect fluid
Mµν = pgµν + (p+ ρ) uµuν , (6)
where ρ is the energy density and p the pressure.
uµ is the four-vector velocity of the fluid (with
uµu
µ = −1). The electric current density jµ is
related to the electric charge density ρe by the
following equation
jµ = ρeu
µ. (7)
Eµν is the electromagnetic energy-momentum
tensor given by:
Eµν =
1
4π
(
F γµFνγ −
1
4
gµνFγβF
γβ
)
, (8)
where
Fµν = ∂µAυ − ∂νAµ. (9)
is the electromagnetic Faraday-Maxwell tensor.
As we assume a static spherically symmetric
electric field, the only nonvanishing components
of the Fµν tensor are F01 = −F10. In what fol-
low, we will adopt the geometrical units c = G =
1, and for the seek of simplicity, we will drop the
radial dependence from all functions of r.
4III. EXTENDED THEORY OF GRAVITY
In this study we intend to examine the
quadratic corrections,
f(R) = R+
1
2
βR2, (10)
to the Hilbert-Einstein action, because it has
shown consistent results for some cosmological
phenomena. β is a parameter of the quadratic
corrections to the Ricci scalar. According to
[25], the stability conditions are: f ′(R) > 0 and
f”(R) > 0 which leads to β > 0. Hence, the
conditions of stability guaranty the attractive
nature of gravitational interaction and the ab-
sence of tachyons. We give here a brief review of
the formalism of ETG in the framework of vari-
ational principle of least action. ETG is based
on the variation of the metric and matter action
A:
δA = δ
[∫
d4x
√−g (f(R) + χLm)
]
= δS + δSm.
Lm is the minimally coupled ordinary matter La-
grangian density. The variation of the modified
Einstein-Hilbert action is given by
δS=δ
∫
d4x
√−gf(R)=
∫
d4x
{√−g[F (R)Rµν
−1
2
f(R)gµν ] + [gµν∂
σ∂σ(
√−gF (R))
− gσν∂σ∂µ(
√−gF (R))]} δgµν , (11)
with F (R) = df(R)dR and χ = 8π in geometrical
units. g is the determinant of the metric ten-
sor gµν . Then the variation of the action with
respect to gµν gives the following gravitational
field equations
F (R)Rµν −∇ν∇µF (R) + gµνF (R) (12)
−1
2
gµνf(R) = −χTµν ,
with ∇ν is the covariant derivative,  is the
D’Alembert operator. The trace of equation (12)
is
RF (R) + 3F (R)− 2f(R) = −χT. (13)
With our chosen function f(R), and following
Ref. [2], the field equations are found to be
Gµν + β (Rµν − gµν R/4 (14)
+ gµν− ▽µ▽ν)R = −χTµν .
IV. THE EQUATIONS OF
EQUILIBRIUM IN ETG
The expression (14) gives the equations which
extend those found in GR as in Ref. [26]. These
equations, together with the Maxwell equation,
can be written explicitely as:
dq
dr
=
4π ρer
2
√
a
, (15)
r2
(
2aR′
r
+ aR′′ +
a′R′
2
− R
2
4
+
aRB′′
2B
+
a′RB′
4B
− aRB
′2
4B2
+
aRB′
rB
)
β +
1− a− a′r = 8πr2ρ
m
+
q2
r2
, (16)
r2
(
R2
4
− aRB
′′
2B
− a
′RB′
4B
+
aRB′2
4B2
−aR
′B
2B
− a
′R
r
− 2aR
′
r
)
β −
1 + a+
arB′
B
= 8πr2p− q
2
r2
, (17)
5r2
(
R2
4
− aR′′ − a
′R′
2
− aR
′B′
2B
+
R
r2
− a
′R
2r
−aRB
′
2rB
− aR
′
r
− aR
r2
)
β + r2
(
aB′′
2B
+
a′B′
4B
−aB
′2
4B2
)
+ r
(
a′
2
− aB
′
2B
)
= 8πr2p+
q2
r2
(18)
Note that the prime symbol ′ stands for a deriva-
tive with respect to r.
A. Equations of state
In this work we assume a polytropic relation
between the pressure p and the energy density
ρ. Therefore we choose
p (r) = ω (ρ (r))γ (19)
as an equation of state, where ω is the polytropic
factor and γ is the polytropic exponent. This is
in order to compare our results found in the con-
text of ETG with those found in GR, particulary
with those given in [26].
Note that, often in the literature, the poly-
tropic index n is used, instead of the polytropic
exponent γ related by: γ = 1+1/n. We also as-
sume, for the seek of simplicity, that the charge
density is proportional to the energy density:
ρe (r) = αρ (r) , (20)
where α is the charge fraction which is dimen-
sionless in geometrical units. By using Eqs. (19-
20) together with the three Eqs. (16-18) in ETG
and the Maxwell equation, we have a system of
six equations to solve in order to find the six un-
known variables: q(r), m(r), B(r), ρ(r), ρe(r)
and p(r). Moreover, to get suitable system to
solve numerically, we adopt the following equa-
tions system, deduced from Eqs. (15-18) in such
a way to eliminate the second derivative of R:
dq
dr
=
4παr2√
a
( p
ω
) 1
γ
, (21)
m(r) =
1
2
(1− ar) r + 1
2
q2
r
, (22)
dp
dr
= −1
2
wp −
( p
ω
) 1
γ
(
w
2
− αq
r2
√
a
)
, (23)
dR
dr
=
1
2r3βa (wr + 4)
[
4r2 (Rβ + 1) (wr + 1) a
−βR2r4 − 32πpr4 − 4βRr2 − 4r2 + 4q2] ,(24)
dw
dr
=
1
12ar4 (βR+ 1)
[−3βr5wR2 − 2r5Rw
+32πr5w
( p
ω
) 1
γ − 12βr3Rw(a+ 1)− 12ar3w
+12rwq2 − 12wr3 + 6βr4R2 + 192πpr4
+128πr4
( p
ω
) 1
γ
+ 4r4R+ 24q2
]
, (25)
da
dr
=−
[
32πr4 (wr+4)
( p
ω
) 1
γ
+6r4a (βR+1)w2
−3rw
(
βr4R2 +
2
3
r2R(r2 − 6βa+ 6β)
−4(ar2 − r2 + q2))− 6βr4R2
−8r2R (r2 − 3βa+ 3β) + 192πpr4 + 24(ar2
−r2 + q2)]× 1
6r3 (wr + 4) (βR+ 1)
, (26)
where
w =
d lnB
dr
.
Here, we have to mention that β should be dif-
ferent from 0 in Eq. (24) as a consequence of
recombinations of our differential equations sys-
tem. However, if we want to recover the results
found in GR case [26], we have to recompile the
6program from the initial set of Eqs. (16-18). The
stellar structure differential equations are inte-
grated numerically from the center to the sur-
face of the star. We need to set up initial and
boundary conditions, so we put: m(r = 0) = 0,
q(r = 0) = 0, p(r = 0) = pcr, ρ(r = 0) = ρcr,
ρe(r = 0) = ρecr. Before proceeding to numer-
ical computations, our set of differential equa-
tions are transformed to non-dimensionless form
(see Eqs. (A.1-A.8) in appendix) and supple-
mented with the following relevant boundary
conditions: u(0) = 31.62, θ(0) = 1, a(0) =
1, w(0) = 1, R(0) = 0. Note that the initial
value of u(ǫ) can take any arbitrary value due to
the form of the equation: q(r) = ǫ
2u(ǫ)√
4πρcr
. More-
over, due to the stiffnes of equations and to avoid
singularity problems when integrating (due par-
ticularly to the limits of the machine), the initial
conditions are started slightly above the center
of the sphere.
The radius Rs of the compact star is reached
when we get from the numerical program
p(Rs) = 0 at the surface of the star. The in-
terior solution is smoothly connected to the ex-
terior Reissner-Nordstro¨m metric through the
equation of boundary condition
a(Rs) =
1
A(Rs)
= 1− 2M
Rs
+
Q2
R2s
= −B(Rs), (27)
withM being the total mass of the compact star
and Q its total charge.
V. SIMULATION AND RESULTS
Following Ref. [26], we restore the value of
the gravitational constant to G = 7.42611 ×
10−28m/kg, keeping c = 1, in order to get re-
sults in suitable units. To solve the set of differ-
ential equations, we use The 4th order Range-
Kutta method and for some stiff cases we use
the Rosenbrock method provided by Maple 2016
software.
In our numerical program, we choose the cen-
tral energies in the range [1010, 1019]kg/m3 for
more easier comparison with other works in the
literature related to some types of compact stars,
namely white dwarfs, neutron stars and black
holes. Furthermore, the charge fractions that
we consider throughout this work correspond to
small charges. The restriction of the charge frac-
tion α, in our work, to small values is justified
as follows: 1) We think that if strongly charged
stars exist in the universe, then their electric
felds will be observed on the surrounding of the
stars. 2) The second reason is purely technical
due to the occuring of singularity problems when
executing our numerical program for high values
of α. As pointed out in different works related
to charged compact stars [15, 26, 27], these ob-
jects are not stable and collapse to charged black
holes; but we expect that small charges would
not affect the stability of such objects.
Following again Ref. [26], we normalized the
polytropic constant ω in such a way that it
turns out a function of the polytropic exponent
7γ: ω(γ) = 1.47518 × 10−3 (1.78266 × 1015)1−γ .
The normalised energy density is then ρ0 =
1.78266×1015kg/m3 corresponding to a pressure
p0 = 2.62974 × 1015kg/m3.
Figs.1.a and 1.b, give the radius of the
charged sphere as a function of its mass M nor-
malised to the Sun’s mass M⊙ (in logarithmic
scale), for fixed polytropic exponent γ = 5/4 and
respectively for two values of the charge fraction
α = 0.001 and α = 0.006. We displayed in the
figures only the values of β that show a visible
effect on the graphs compared to those in GR.
Because of the small effect of the perturbatif pa-
rameter β on these two figures, we displayed in
Figs. 1.a1 and 1.b1 the zoomed region of their
respective right corners. It is obvious that the
central energy density increases along the curves
from right to left, in both figures.
Likewise, Figs. 2.a and 2.b show the radius of
the charged sphere as a function of its normalised
mass M/M⊙ for fixed γ = 4/3 and respectively
for two values of the charge fraction α = 0.001
and α = 0.006.
VI. DISCUSSION
Although there exists, in the literature, a
number of works related to non charged compact
stars and magnetic neutron stars in the frame-
work of f(R) gravity as in Refs. [28–31], to our
best knowledge, the study of electrically charged
compact stars in f(R) gravity is new and there
is a lack of references for comparison with these
numerical results, except for the GR case (or
β = 0). We notice in Fig. 1.a, for γ = 5/4,
α = 0.001 and for several displayed values of β
displayed, that the mass limit of the star is 60
to 69 times larger as compared to GR case and
the corresponding radius is 9 to 10 times heavier
(results that we reproduced from [26] by using
our numerical program). Whereas, in 1.b, when
α takes the value 0.006 but γ and β keep the
same values as in 1.a, the mass limit is 69 to 79
times heavier and the corresponding radius is 10
to 11 times larger as compared to those in GR
(as seen on the bottom left corner of the two
figures). We notice that the radius-mass ratio
is approximately constant (its value ranges from
0.3 to 0.5). This ratio is the OV limit.
Figs.2.a and 2.b show two different behav-
iors of stars. For the same polytropic exponent
γ = 4/3 and for the value of charge fraction
α = 0.001, the radius of the sphere decreases
monotically from a value of 12 × 104km (corre-
sponding to a mass of 4.7M⊙) to 171km (corre-
sponding to a mass of 12.32M⊙) from lower to
higher densities. But for α = 0.006 we see that
the radius of the charged sphere drops suddenly
to a small value. The OV limit ranges from 0.015
for Fig. 2.a to 7.2 for Fig. 2.b.
We notice, firstly, that in all the above fig-
ures, when β 6= 0, the masses and radii of the
spheres show a slightly increasing with the per-
turbatif parameter β. Secondly, there is a visible
jump of masses and radii of the stars when one
skips from GR sector to ETG sector.
8a) b)
a1) b1)
FIG. 1. (color online). The mass-radius diagram of the charged polytropic sphere for different values of the
perturbatif parameter β (including the GR case). We considered here the case of γ = 5/4 and respectively
for a)α = 0.001 and for b)α = 0.006, taking the central energy density ρcr in the range
[
1010, 1019
]
kg/m3.
a1) and b1) represent respectively the magnification of a) and b) on their right top corners. Clearly these
figures show a behavior transition from GR sector to ETG sector.
Furthermore, in all the 4 figures (1.a, 1.b, 2.a
and 2.b), we see that the mass-radius ratio in-
creases with the polytropic exponent, the mass
increasing slowly compared to the increasing of
the corresponding radius.
Fig. 3 shows the mass-radius diagram for a
non charged polytropic sphere. We notice good
agreement with results given in [26] for β = 0,
in GR. Non charged compact stars were stud-
ied in the literature in the framework of f(R)
gravity but different equations of state were used
[14, 32–34]. Comparing our results with those
given in [33], we see that no agreement is found.
One reason is that the polytropic exponent was
9a) b)
FIG. 2. (color online). The mass-radius diagram of the charged polytropic sphere for different values of the
perturbatif parameter β for γ = 4/3, for a) α = 0.001 and b)α = 0.006 , taking the central energy density
ρcr in the range
[
1010, 1019
]
kg/m3.
not given in the reference and the parameter β
of f(R) gravity was absorbed in the value of
Ricci scalar R. The authors in [14] pointed out
that there is no self-consistent final explanation
for compact objects with masses larger than OV
limit. Furthermore, it is not possible to derive
the mass-radius relation for compact stars from
observations because measuring the radii of such
objects is still a challenging task [35].
VII. CONCLUSION
In this work, we used one of ETG, the
f(R) gravity to extend the study of electrically
charged polytropic spheres in the context of the
Einstein-Maxwell theory. We assumed that the
spheres contain a spherically symmetric distri-
bution of charged perfect fluid. The charge den-
sity is proportional to the energy density and the
charged perfect fluid is assumed to obey poly-
tropic equation of state. Our work focused in
the study of the dependence of radius to mass
ratio of compact spheres with the perturbation
parameter β for some fixed values of the charge
fration α and the polytropic exponent γ. For
n < 5, as in Refs. [14, 36], the polytropic star
has finite radius, its bulk is compatible with reg-
ularity at the center and that the density of the
star tends to zero at some finite value of its ra-
dius. These motivated the choice of the two val-
ues n = 3 and n = 4 corresponding respectively
to γ = 54 and γ =
4
3 in this work.
One main difficulty encountered in this work
is the lack of references related to our work. One
reason is that the use of different equations of
state in studying compact stars that give differ-
ent results. On the other side we have few infor-
mation regarding cosmological data of the evo-
10
FIG. 3. (color online). The mass-radius diagram of
a non charged polytropic sphere for different values
of the perturbation parameter β and for γ = 4/3.
Note that the GR case is displayed on the bottom
left corner of the figure which confirms the transition
behavior. The central energy density ρcr is in the
range
[
1010, 1019
]
kg/m3.
lution of these stars. We found that the radius-
mass ratio ranges approximately from 0.3 to 0.5
in the case of γ = 54 . Whereas for γ =
4
3 it ranges
from 0.015 to 7.2.
One perspective of this work is to search for
1) extended OV limit theoretically to compare
our results and 2) the extended Buchdahl limit
in f(R) gravity in order to set the conditions
of stability of these compact charged stars. It
is also interesting to study the charged compact
stars in the freamework of ETG by considering
other equations of state.
Appendix: DIMENSIONLESS
RELATIVISTIC EQUATIONS OF A
POLYTROPE
For the purpose of numerical calculations,
the relativistic equations of a polytrope must be
written in dimensionless form. For this, we intro-
duce the dimensionless radial coordinate given
by
r =
ǫ√
4π ρcr
, q (r) =
ǫ2u (ǫ)√
4π ρcr
, (A.1)
m =
v (ǫ)√
4π ρcr
, p (r) = ω ρcr
γθ (ǫ) , (A.2)
R(r) = 4π ρcrR (ǫ) , w(r) =
√
4π ρcrw (ǫ) .
With these parametrizations, the dimensionless
equations system is:
du
dǫ
=
α θ
1
γ
√
a
− 2u
ǫ
(A.3)
v =
ǫ
2
(
ǫ2u2 − a+ 1) (A.4)
dθ
dǫ
=−wθ
2
− ρcr
1−γθ
1
γw
2ω
+
αuρcr
1−γθ
1
γ
ω
√
a
(A.5)
dR
dǫ
=
−1
2πǫρcrβa (wǫ+ 4)
[
2ǫ2θργ−1cr ω
−a (4πρcrRβ + 1) (wǫ+ 1) + βπρcrR2ǫ2
+4πρcrβR− ǫ2u2 + 1
]
(A.6)
da
dǫ
=
−1
ǫ (12π ρcrRβ+3) (wǫ+4)
[
4 ǫ2 (ǫw + 4) θ
1
γ
+24 ǫ2ρcr
γ−1ω θ + 12 aǫ2
(
π ρcrRβ +
1
4
)
w2
−6
(
β R2ǫ2π ρcr +
(
ǫ2
6
− 4β π ρcr (a− 1)
)
R
−ǫ2u2 −a+1) ǫw−12 (β R2ǫ2π ρcr−ǫ2u2−a+1)
+
(
48β π ρcr (a− 1)− 4 ǫ2
)
R] (A.7)
11
dw
dǫ
=
1
24
(
π ρcrRβ +
1
4
)
ǫ a
[
4 ǫ (wǫ+ 4) θ1/γ
+24 ρcr
γ−1ω θ ǫ− 6 (β R2ǫ2π ρcr
+
(
4β π (a+ 1)ρcr + ǫ
2/6
)
R− ǫ2u2 + a+ 1)w
+12 ǫ ρcr
(
β π ρcrR
2 + u2 +R/6
)]
(A.8)
The boundary conditions for these dimen-
sionless equations are at the center, for ǫ =
0, u(0) = 31.62, v(0) = 0, θ(0) = 1, a(0) =
0, w(0) = 1, R(0) = 0 and at the surface of the
star, for some ǫs (corresponding to the radius of
the star Rs), the value of the normalised pressure
θ vanishes: θ (ǫs) = 0. But, for numerical pur-
poses, we chose a certain small value of the pres-
sure so that the numerical program stops when
the pressure becomes negative or smaller than
that chosen value: θ (ǫs) = 10
−10. Note that the
initial value of u(ǫ) can take any arbitrary value
due to the form of the equation q(r) = ǫ
2u(ǫ)√
4πρcr
.
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